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Abstract.Let 6 be a finite dimensionalreal Lie algebraand 6* its dual. G~is a
Poissonmanifold. Thusthe spaceC~(6*) of C~functionson 6* hasan associative
anda Liealgebrastructure.Theproblemofformaldeformationsof sucha structure
needsthe determinationof somecohomologygroups of C~(6*), consideredas a
module on itselffor left multiplication or adjoint representatio,t We determine
here thesegroups. The result is verysimilar to the caseof C~(W),whereWis a
symplecticmanifold exceptfor the Lie algebras h~x IR”~,direct productsof
HeisenbergandabelianLie algebras.

INTRODUCTION

Deformationsof the associative— and — Lie algebraof the C~functionson

a symplecticor Poissonmanifold were introducedby M. Flato and A. Lichnero-
wicz [1] in order to define an autonomousquantizationtheorywithout needfor
Hubert spaceoperators.Thesedeformationswerecalled(differential) * products.

We considerhere only differential * products,thuswe shall omit the term <<dif-
ferential>>from now on.

The problem of existenceand equivalenceof * products on a symplectic
manifold is now entirely solved:first the correspondingdifferentialcohomologies

were determinedby 3. Vey [2] (for the Hochschildcohomology,corresponding
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to associativedeformations)and S. Gutt [3] (for the three first groups in the

Chevalley cohomology, correspondingto deformationsof Lie algebrasstruc-

tures). Using explicitely these groups,M. Cahenand S. Gutt [4] (in a special

case)and M. de Wilde and P. Lecomte [5] proved the existenceof * products

for any symplecticmanifold W. The classificationof these * productswasconsi-

deredby O.M. Neroslavskyand A.T. Vlassov [6] and A. Lichnerowicz [7]: the

secondde Rhamcohomologicalgroupof W determinesthat classification.

Let us considernow a Poissonmanifold W. In [8], A. Lichnerowiczsolvedthe

problem of existenceand classificationof <<tangential>>* productson W, if W is

regulari.e. if all its symplectic leaveshavethe samedimensionandif thetangen-

tial correspondingcohomologicalgroups vanish.This result was generalizedby

F. Guiderain [9].

Among the non regular Poisson manifold, thereare sonievery particular and

interesting:the dual 6 * of a finite dimensional real Lie algebra.The correspond-

ing symplecticleavesarethe orbits of the coadjoint action ([10], [8]) thus6 * is

neveraregularPoissonmanifold,exceptif 6 is ahelian.

For 6*. the problem of existenceof * productswassolvedby S. Gutt[ll].In

fact in [11], S. Gutt build a * producton the symplecticmanifold T*G of any

Lie group, the <<vertical>> part of this * product is a * producton . Unfortuna-

tely this * product is in generalnot tangential ([12], [13]) andanilpotent exam-

ple (called 654 by Dixmier) was found whereno tangential * productsexist on
* [14], moreoverthe explicit tangentialproductsconsideredin [15] (and[14])

in the semi simple casearenot differential * productsin general.

In order to generalizethe methods of [4] and [51to the problemof existence

and classification of * productson 6*, we have to considerthe (differential)

Hochschildand Chevalley cohomologieson 6*. The first one doesnot depend

of the structureof 6 , it was completely determinedby J. Vey [2] and R. Berger

[16], the result is exactly the sameas Vey’s result for symplecticmanifold. The

second one was never considereduntil now. Thus we determinehere the first

and secondgroups in this cohomology, following the methodof S. Gutt in [3]

(for symplecticmanifold). Of course,the proofsare entirely new sincetl1e struc-

ture tensor is here not inversible:in [3] that tensorinverseis usedat eachstep.

But the result is generallyvery similar exceptif 6 is the directproducthr x JRtm

of a Heisenbergand an abelianLie algebra(oneof thesefactors can be trivial).

1. DEFINITIONS AND NOTATIONS

6 is afinite dimensionalreal Lie algebra,6 * its dual.

S(6) is thesymmetricalgebraof 6 with gradation(Sm),rn~0, S~= ~
m>O
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s° = ~ stm.
++ m>l

X,~is a basisof 6. We shall chooseit in §4. The duality: (X, ~> between

6and 6 * allows us to. considerX
1 as a function, denotedx. on 6*. ThenS(6)

is the spaceof polynomial functions in the variablesx. and C~(6*)thespaceof

C~functionsin thevariablesx.. Weshall denoteby N oneof thesespaces.
ThestructureconstantsC~of 6 are definedby:

[X1,X~]=~ C~Xk.

a
We denoteby ~ the derivation— of N and if a is a multi index by D~ the

axi
differentialoperator:

D& = (a1)°s. . ~ if a= (a1,.. .,a~) a1EJN.

We denoteby [i] the multi index (0, . . ., 0, 1, 0, . . ., 0) where I is at the ith

place, a ‘a! havethe usualmeaning.

The Poissonstructureof * is given by the2-tensorA suchthat:

i(A)(XA Y)~=([X, Y],~)

or by thePoissonbracket:

{u, v} =~Cqxkaiu 6i~v Vu, yEN
i/k

(we shall denote {x~,x1} by [x7, x1]). (N,{ }) is now an infinite dimensional

Lie algebra.A multi differential operatorC on N is a p-linear applicationfrom

Nx .. . x N to N suchthat:

C(u ~ u~)= ~ C D°1u1D°2u2. .

where C areall in N and thesumis finite. Weshall denoteit by
1~~~p

C = ~ C~ D~’U D~U . . . U D°”

for instance:

{,} =~ [x1,x/]D~ UD
1’1.
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Finally we shall denoteby I the spaceNG of invariant polynomials(resp. C”

functions)on 6*:

XEI ifandonlyif ~x,X}=0 VXE6.

I is the isotypic componentof the trivial representationin the representation
it of 6 on N definedby:

ir(X)u=]x,u} Vu EN, XE6.

2. HOCHSCHILD COHOMOLOGY OF N

We considerhere only differential, vanishing on constantscochains.i.e. a p

cochainis a p differential operatorC:

c= V~ C D~lU...UD°~
L_..

.c~(finite)

suchthat C(u
0, . . ., ~ 1, u1~i,..., u~)= 0 Vi, or~a~I>0 Vi. Weshall denote

by CP(N) the spaceof p-cochain and the coboundaryoperator ó is given by:

(SC)(u0, ..., u~,,) = u0C(u1 un)— C(u0 u~,U2, ..., u~)+

+ (— l)
1C(u~ u

11, u1 u~~ u~)+ ... + (— l)P
1C(u

0 u~_1) ui,.

The spaceof p cocycle Z~f(N, S) is the kernel of ö in CP(N), the spaceof p

coboundaryB~’fff(N, 5) is ~(C~~(N)) and the cohomologygroupH~fff(N.c5) is

the quotientZ~f(N, 5)/B~f(N, &). These groups were determinedby J. Vey
[2] forN = C~(G*)and R. Berger [16] forlV = S(6).They found:

THEOREM 1.

H~~(N,~5)~Hom(A~6,N).

The isomorphism being given bi’:

To [C] EH~’~~(N,ö), we associate:c EHom(A~6,N)defined by

c(X , X,,) = ~ �(o)C(xUU),...,

uE 6,,

is the group of permutation of{I p}). .

3. CHEVALLEY COHOMOLOGY OF N

This cohomology is associatedto the question of deformationsof (N,~ }).
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It was introducedby Chevalleyand Eilenberg.HereN is the Lie algebraview

asa moduleon itself for the adjoint representation.
Thep-cochainsare completelyantisymmetricelementsof C~(N).

We denote their spaceby C,~’(N),the coboundaryoperator a is definedby:

(aCxu0,..., u~)= (— l)’{u~,C(u0, ..., ~, ..., u~)}

— ~ (— l)~
1C({u~,u

1}, u0, ..., ~, ..., ~, ..., u~)
0 ~ i</~P

where meansthat this argumentis missing.
Z~~(N,~) is its kernel,B~f(N, ~) the spacea(C:—’(N)), H~~(N,~) the quo-

tientZ~~(N,a)/B~f(N,a).
If 6 is abelian,a vanishesthuswe havethe following.

PROPOSITION1. J[6 is tile abelian n-dimensionalLie algebra:

~ a) (APS÷)® N

where S~is the ideal generatedby 6 in S(6) and tile isomorphismis given by:

~

a1 ..

wherexa = . . . x~ifa = (a1 . . . a,~)andif

C= ~ caDaIU...UDaP.
al...cxp U

Seefor instance[17] for definitionsof basisin A~S÷.
From now on, we shallsuppose6 non abelian.
In order to computeH~J~.f(N, ~) andJlthff(N, ~),we haveto choosethe basisof

6andanorder onp-upleof multi indexes.

4. TECHNICAL PRELIMINARIES

LEMMA 1. 1) If dim[6, 6] > I, wechoosea basis (X1 . . . X,~)in 6 such that:

a) [X1,X1]�r0 Vi=2,. .
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b) lR[Xi~X2]fl(~ 1R[X1~X~J)={0}.

2) If dim[6,G ] = 1, we c/moose (X1 . . . X,~) such that IR[X1, X2] = [6,6].
Two cases happen:

a) If [X1, X2] is central, 6 is the direct product hr x JR~fl of a 2r + 1 dimnen-

sional Heise berg Lie algebra (r > 0) by a mu dimnensional abelian Lie algebra,

(m ~ 0).
b) If [X1, X2] is not central, we choose X1 , X2 sue/i that [X1 , X2] =

and ~ JR X~is an algebra hr x JRtm (here r can be 0 thus h0= ~0}),commuting

wit/i X2

Proof In the first case there exists two vectors [X, Y], [Z, T] linearly inde-

pendentin [6,6]. Let us prove that we canchooseZ = X. If [Z, Y] and [Z, T]

(resp. [X, Y] and [Z, Y], resp. [X, Y] and [X, T], resp. [X, T] and [Z, T]) are
independent, it is true. If it is not the case [Z, Y] and [X, T] vanish, thus
[X + Z, Y] = [X, Y] and [X + Z, T] = [Z, T] are independent.We suppose
now [X1, X2] and [X1, X3 ] linearly independent,thus (X1, X2, X3) are inde-

pendent, we choose a supplementaryV of IR[X1, X2] in [6,6 ] such that
[X1, X3] E V anda basis(X1 , X2, X3, e4 . . . e,~)of 6. Wehave:

[X1, e.J = a~[Xi, X2] + where a~E IR, v~E V,

we put:

X, = e~— a1X2 + b,X3 where b~E JR is suchthat

[X1, X1] = + b1[X1, X3] ~ 0.

In the secondcase,if [6, 6] is generatedby the centralelement

X = [X1,X2],

the spacespannedby (X, X1, X2)is threedimensionaland if(X, X1, X2, e3

e~_1)isa basisofG ,the basis:(X, X1, X2, e~, . . ., e,_1) where:

e,~ = e.— a~X2+ b1X1 if [X1,e,] = aIX, [X2, e1] = b~X

satisfies:

6’ = JRX @ JR

commuteswith X1 andA2, [6’, 6’] is either nul or one dimensionalgenerated

by X central,the conclusionfollows by induction.

If [6, 6 ] is generatedby X non central, we can chooseX1, X2 such that:
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[X
1,X2]=X2 =X

and with the same argumentfind a basis (X1, X2, e~,. . ., e~)satisfying:

[X1, e] = [X2, e] = 0 and if 6’ = JR X JR e, [6’, 6’] is either 0 } or

JRX this provesour lemma.

DEFINITION. Let A = (a1, . . ., a,) and B = (i3~,.. ., (3~,)two p-upleof multi

indices.
We shall say that

(a1,.. .a~)<(/31,..

if and only if:

either a. ~

orifc~~t=~I131I,if IaiI= I~iI, . . ., ~ ~ I~~I<I~Iorif
I ~
if a1= (a1, . . ., a,~ ), /3~= (b1,.. ., b,,):

a1=b1 a~_1=b~_1,a~<b2.

We denoteby A <B the relationA <B or A = B. We call orderof A the multi
index:a(A)=(Jct1I,...,ta~l). •

<is now a total orderon the setof p-upleof multi indices.
Let us remark that for p = I we definean orderon multi indicesand if i and/

arein {i, . . ., n}, i <j means[j] < [i].

DEFINITION. Let a = (a1, . . ., a,~) a multi index, rEIN, we denoteby:’y~(a)=

= inf y such that ‘y = r and a — ~ <<is a multi index>> i.e. we considerthe

smallestmulti index ‘~‘ = (c1, . . .,c~)suchthatc1+ . . . + en =randa1—c1~0
Vi. We shall denotethis lastconditionby (a — ‘y) > 0.

We can add, substract,define support of multi indices . . . whenwe consider
theseas functionsfrom ~l n} to Z. •

LEMMA 2. Lets, r be two integerssue/i t/iat s ~ r > 0, E5 a setof multi indices

a such that I at = s. We put: M(ES, 6 , r) = ~(6, e) where ö, e are multi indices

such that:

= (a-.-- ‘y) + [i], e = ~y+ [/] where
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a E E
5, ‘y is a multi index, ‘i = r, (a — ~.) > 0 and [X1, X1] ~ o}. Then time

biggestelementofM(E5,6 , r) is:

(~,e~)= ((an — ‘y~(a0))+ [1], ‘yr(ao) + [2]) wherea0 = SupE5

and if (ö0, �~)can be written:

(~,e~)= ((a— ‘y) + [i], y + [1])

where a E E5, ‘y is a multi index, ‘‘ = r, (a — y) > 0 and [Xi, X,] * 0, then:

a=a0, ~ i=l, /=2.

Proof Let ussupposer = 1, of course:

Sup{(a — [j]) + [i] i, / E { 1, . . ., n}} = (a — y~(a))+ [1]

and(a— [/]) + [i] = (a— y1(a)) + [1] implies [/] = y1(a), i = 1.

Now if a<a’, we shall prove that:

((a—’y1(a))+[l], ‘y~(a)+[
2])<((a’—’y

1(a’))+[l],’y1(a’)+[
2])

the equality holding only if a = a’. In fact, if: a = (a
1, . . ., a~,0, . . ., 0)

a’ = (ai, . . ., a, 0, . . ., 0) andif a1 = a~,. . ., a1_1 = a_1 , a1 <a; . 71(a’) =

= [p], 2’ > / and we have to compare2, 2’ and/, we provethe strict ine-
quality (a— 71(a)) + [1] <(a’ — ‘y1(a’)) + [1] directly if 2 </ or 2 = / <2’ or

2=2’=/,orQ>JandQ’>/,orQ>/.Q’=/anda1<a—l.
Thelastcase:Q>j, 2’ =1 anda1 = a1’ — 1 implies:

a=(a’—[Q’])+[Q] since IaI=Ia’t thus

(a—y1(a)) + [1] (a’ —‘y1(a’)) + [1] and 71(a) + [2] <71(a’) + [2].

The lemma,in the caser = 1, follows easily.
In thegeneralcase,we provefirst:

= 71(a)+ ~r- 1(a—

Then,we supposeby inductionthe lemmaprovedfor r — 1. We considertheset:

F~_1= ~a—‘y where a EE~, I ~I= 1 and (a —7)> 0}

SupF~_1= a0— ‘y1(a0)

and

SupM(F81,G,r—I)=(a0_’y1(a0)_y~_1(a0_y1(a0))+ [I],

+ [2])
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= ((a0—’y~(a0))+ [1], ‘y,(a0)—’y1(a0)+ [2]).

Thus for any a of E5, ~ suchthat I 71 = r, (a—7)> 0, 1, / suchthat [X1,A’1] * 0,

((a—-y) + [i], (‘‘ ~i(i)) + [j]) =

= ((a— 7~(7))— ~ 7i(7)) + Eu, (~—~ + Ei])

<((a0—’y~(a0))+ [1], ‘y~(a0)—71(a0)+[2])

if(a—’y)+ Ei] = (ao_7r(ao))+ [1] thenui.
Let us suppose in this case that

7r~~)<7

then:

(7r~~)7i(~~o)+ [1], ‘y1(a0)+ [2])=

= (7r(Obo)— ‘y1(’y~(ct0))+ [1], ‘y1(~y~(a0)) + [2])
+ [1], 7~(7)+ [2])

and:

(~~—‘y~(’y))+ [1]<(7~~~)— ‘y1(a0)) + [2] with / ~ 2.

The only possibility is:

— 71(a0)= 7— l’i(7), j = 2, 71(a0)<7i(7)

but then

a0 = (a0— 7r(ao)) + ~ — ‘y1(a0)) +

which is impossiblethusour lemmais proved.

5. THE FIRST COHOMOLOGICAL GROUP

Let us denote by H~(6, N) the pth group of cohomologyof the6-moduleN:

A p-cochain is a completely antisymmetric p-linear application c from 6 x

x . . . xG into N, the cohomologyoperator is:

(dc)(X0,X1,...,XP)=E(_l)~(Xi)c(X0,...,1t,...,XP)

— (— l)’~’c([X’, A’
1], X°,..., Xt, ..., 11, ..., XP), (X° XPE 6)

0~i</’~p
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THEOREM 2. ([G,6]*0):Hj~f(N, a)~-H’(G,N).
Theisomorpimismbeing definedby:

[C] —~[c] where c(X) = C(x).

Let us remark that in the caseN = S(6), the groupH’(6, N) is the direct

sum ~ H’(G, Sm(6)) whereSm(
6) is the spaceof homogeneouspolynomial

m =0
with degreein, in particularif 6 is semisimple,H

1(6, S(G))vanishes.

Proof Let us denote by [xe, x
1] the function {x~,x1}. Let C be a 1-cochain:

~

al> 0

Thenwith our notations:

~C=~ [x1, x.]((Di’lC )Dl’
1 U D~ + (DIiIC

0)Da U D

111

ija

a!
— 0a ~ D~1i] UD~~’1)

~+yrra

fll~ 1,lyl~1

______

— ~ ~ C D4~l~1~ D7~ I/l
zjka ~+ ya—~kl 1’.7.

(a—[kI)> 0

If s = Sup I a I is larger than 1, the biggestorderof ~C is (s, 2) and the largest
couple of multi indexeshappeningin

aC = ~ (aC)~~.D~U DC’

is(a~, /3~)= ((a
0— y1(a0)) + [1], y1(a0) + [2]) where a0= Supaand thanks to

lemma 2:

(SC), =--[x x ]Cao,Co 1 ‘ 2 a0 (a — (a ))!
0 ‘1 0

This proves that s = 1, if C is a cocycle, and
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C= CD~
1a1 1

is 1-differential.Thenwe put:

c(X)=C(x) VxEG.

c is a cocyclesince:

(dc)(X, Y) = (aC)(x,y) = 0

andc is a coboundaryif andonly if C is also a coboundary.
Finally, given a cocyclec in Z 1(6 , N), the 1-differentialoperator:

~ CaDa definedbyC(x)=c(X)
a 1=1

is a cocycle by construction:~C has only termsof order(1, 1) thusit vanishesif
and only if it vanishes on 6 x 6. The isomorphismof our theoremis proved. •

Remark. Our result is exactly the usualone: the differential l-cocycleson sym-

plectic manifolds are all 1-differential (cf. [3] for instance).

6. THE SECOND COHOMOLOGICAL GROUP

In the symplectic case,it happensa very important 2-cocycle,S~([1]): S~
is non exact and with 1-differential cohomologyit generatesthe secondcoho-

mologicalgroup. Let us defineherea similar cocycle.
Let us denoteby a thesymmetrisationmap from S(6) to the universalenvelop-

ing algebra ‘~‘(6)of 6 . S(6) is graded by the spacessr of homogeneouswith
degreer polynomial,thusCP/(6) admitsa decomposition:

0 a(S
T).

r= 0

Let us denote by u~the rlh1~componentof u of S(6) in this decomposition.
Finally if o is the produc~ in Ol/(G), we put:

S3(u,v) = a~(a(u)oa(v))~+~
3if ~ EST, ~ Ess

PROPOSITION 2. ([1]) ([6,6 ] * 0). S
3 is a differential cocycleon S(6) (thus

on C” (6*)). S3 is non exactandif:



450 D.ARNAL

a0= [1] + [1] + [11, ~ [2] + [2] + [2],

the largest(a, /3) happening in S
3 = ~ S~D~ U D~ is (a , /3~),moreover:

~ [x
1,x2]~.

Proof. S. Gutt proved in [II] that we can define bidifferential operatorsC2,

C3, . . . on 6” by inductionsuchthat:

u * v = uv + v{u, u} + v~C2(u,v) + ~
3C

3(u, u) .

is a * product,i.e. is associative,the C~vanish on constantsandC~(u,~4= (— 0’

C~(u,u).

Computingexplicitely the C~,sheproved:

C3(u, v) = S
3(u,v).

Thus S3 is a differential cocycle. Moreover, tile C, are definedby symmetri-

zation or anti-symmetrization of an explicit solution of the associativity equations:
aC. = E.

I I

where

(8C)(u, v, ii’) = uC(v,w) — C(uv, li) + C(u, un’)— C(u v) .

Thefirst equation is:

(ac
2)(u, v, ii’) = ~v,{u, w}} = ~ C~C~,xk,[5f,kDLfl U D

1”1 U D1’1

ii’jj’kk’

+ xkD”~ ~j’~U D1”1 U D1~1+ xkD] U D~’1U D1’~Ill] (ii, u, w).

Thus C
2 hasthe form:

= E CC D
0 U DC

where:

(I aI~I /3 I) <(2,2) (the orders(3, 1), (1,3) vanish).

And if:

(a
1, /3k) = Sup~(a,j3) s.t.

6’a,C *

we see:
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~ ~ * 0 and /31= 2, then I ~ Supp /3 thus (a1, /3k) <([I] + [1],
[2] + [2]).

But the term

C111~111121~121is

(see the explicit solutionin [11], lemma1), it is the samefor C2.
Now the sameproofis availablepour C3

(&C3)(u, v, w) = — u, C2(u, lv) + C2({u, v}, w) —

— C2(u, {v, w}) + {C2(u, v), w}.

If we put:

C3 = ~ c~~aU DC,

thenSup{laI +Ii3!/C~4*0}= 6.
There is no terms with order (4, 1, 1) in £3, thus no term with order (5, 1) or

(4,2)inC3 ([li],lemma 1)andif

(aO,/30)=Sup{(a,/3)/C,Cz�rO}, a0<[i]+[1]+[l].

IfE3 = ~ EaC~YDaU D1’ U D>, we verify case by case that:

E[1I+ 111+ 111,111+111,1/1 = E111~111+ 111,111+ 1/1 ,1l1 =

111,111+(11,111+ 1/1 = E111, 111,111 + 111,111+1/1 = 0,

then if,

C~lJ÷llJ+IllC*0 and I/3I=~,1~Supp/3

and(a0,j30)<([l] + [1] + [1J, [2] + [2] + [2]).
Finally we compute the term

C111~111+ 111,121+ 121+ 12] = [x1,x2]
3 = — C[

21.f [2)+ [21,111+[1J+ 11] * 0

which proves our proposition since if

B = E BaDa with Sup{a s.t. Ba * 0} = a1,

as= ~(aB)aCD” U D

0 with Sup{(a, (3) s.t. (aB)aø* 0) =

((ar — ‘y
1(a1) + [1]), y~(a~)+ [2])

with orderdistinct of(3,3).

Remarks. 1) Let X El and A * 0, then the operator?~S
3is, asS3, a differential

nonexact2-cocycle.

2) By the definitionof”’, wehave:for all A in I:
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A*u = u*X U EN, A El thus S3(u,A) = 0

S3 is tangential in the senseof [14].

Let us now considera 2-cocycle:

C = ~ CaCD~U D’~

if:

F(C)= (ct,/3) s.t. COC*O , (a
0,130)=SupF(C),

we shall compute~C and, following the method of S. Gutt in [3], study first

(I a0 l~I~oI) Weput (r, s) = (I ct~l~1PoI)-

PROPOSITION3. ([6,6 ] * 0). TIme on/i possibilitiesfor (r, s) = (I a0 ,~~ I) are

(r, 2) with r> 2, (3, 3) or (1, 1).

Proof Wehave:

= ~ [x1, .v.]DE1’C ~(DE~]uD~U DC —

a Ci!

—D~uD
1’1 UD~+Da UDC UD1’l)

+ ~ [x
1, x!]CaC(D

11l U D°~~ U DC +
aCif

+ D[il UD” U DC+ [11 ~a+ ~j] U DLi] U DC

—D” U Dt~1UDC+ [1]+D”~ 1/1 UD’~UD1’1 +

+D” UDC+ ~ U Dt’])

(a— [k])!

— ~ CCC~ ~ (D~ [i] UD~~1’~U.DC —

aCijk y+ba—[k] ‘V.

—D~1’1UDC UD>~1’~+DC UD~+I1I UD~”])

—~ C~~[x~,x
1]~ (DIhIUD~I/I UDC_

aCi/ ~+äa

—D~
1~1UDC UD1~1’1+DC ~ UD1~1I1).

After simplifications,wecanwrite:
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= ~ [xi, x.]DIIIC C(D[’I U D~ U DC —

aCij

—D°~UD
1’~UDC +D’~ UDCUDlii)

(a—[k])!
— [ C~C~ ~ (D~ lu UD6 + [11UD’~—

a(Ji/k yl-ta—1k1 ‘V.

—D>”1’1 UD0 UDC+ [li +DC UD~’~~’IUDl~~E1~)

—~ [Xi,XI]CaC ~ (D~1ulUD1~~j1 UDC_
a(lif ~,+1a ‘V.

lyl~ 1,l~ I~ 1

_D’~+Ii] UDC UD~~1’1 +DC UD~~1~UDt~I/i)

The orders of these terms arerespectively:

(1,1 aI,I/31), (I at, 1,1(31), (I aI,I /3I~1)

(/ + 1,~al —/,1 ~I)~ (/ + 1,1/31,1 al—f),

(I/3t,/+1,Iaf_—/) if aI>1, 0<j<IaI—1
(/+ l,~a~—/+1,1/31), (/+ l,l/3I,IaI_j+ 1),

(I/3I,/+1,Ia!—/+l) if IaI>1, i</<faI—l

Let usdenoteby (0
1m(a, /3,/)) I < 2 < 3, 1 (rn < 3 that matrix of orders,for

instance:

023(a,/3,/)=(I/3I,/+ I,Iaj—f).

First case:r > s> 2 is unpossible.

If r > s> 2, the maximal order in ~C is (r, s, 2) obtainedwith 032(a,13,I a0 I —1)
and 033(/3, a, I a0 — 1) for (I at, I /3~)= (r, s). Thus in ~C the corresponding

termmustvanish:

0= (aC)~~D~UD
6UD”

(I ‘y ~I 6 1,1 e D= (r,s,2)

= [x
1,x1]C~~ ~ a! Da_~+OUDC UD~~

1’~
i,j,(IaI,ICI)(r,s) ~ (a ‘V)

L~—~>0
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/3!
+ D~U DC~+~l~ U ~ Ill

~ (/3—y)!
(C—7)> 0

(C is antisymmetric). If ‘V1(a0) * [1], we find:

(3C)(a0_~I(ao)+ il],~,7I(ao)+ 121) =

a0!
= [x x]C =0.

(a0— y1(a0))! 1 2 ao,Co

This is impossible, thus a0 = [1] + . . . + [I]. Now:

/3’

(aC)ta:tii+ [2]) = [x1,x2]C~COr + D! [x1, X2]CaC

+ Ex x]C

(~o [2])! 2 1 ao,Co

The second and third terms happening only if I (resp. 2) belongsto Suppf3~.

Let us write = (b1 , b2, . . ., b,,) wehavethe equations:

r+b1—b2=0

Theonly possibilityis:

r=s, /3~=[2]+...+[2].

Secondcase:r = s> 3 is impossible.

Let us suppose that all the terms with order(r, r, 2) in 8C vanish,the maximal
order is thus (r, r — 1, 3), it is happeningwith:

033(a,/3,IaI—2) for IaI=I(3I=r.

We find:

~ [xi, Xf]CaC ~ /3! , D~ U D(C~)+ ~ U ~ 111 = 0

al—1C1—r,ij l~I2 7.(/3—’V).
(C—’>)> 0

with lemma2, we have:

(ac)ao,Co_’>2(Co)+ IlJ,’>2(Co)+ 121

‘-‘0~
=[x x]C =01 2 ao,Co ‘V2~30)!(/3O’V2(/30))!
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and it is impossible.
Third ease:r > s = 1 is impossible.

The only termewith order (r, 2, 1) in ~Ccomeswith 031(a, /3,J al — 1) for

(I aI,t /31) = (r, 1) it is:

0 = [Xi~X/]CaC ~ a! D~’>+luiUD’>~’
1UDC.

ij(~aI,l#!)=(r,1) ‘>1=1 (a—y).
(a—’>)> 0

Thus:

Ill,’>,(ao)+ 12l,Co) =

a
0!

= [x,x]C =0
(a0—’V1(a0))!

that is impossible.

PROPOSITION4. ([6,6 ] * 0). If(r, s) = (3,3) then

a) if 6 * h~~ JR
tm , thereexistsA El such that

C— AS3 hasno term with order (3, 3);
b) if 6 = h~~ JRm, there existsA Elsuch that

C — A ~ ~3 hasno term with order(3, 3).
[x 1’ x

2]

Proof We saw in the precedingproof thatif (r, s) = (3, 3) then

a~=[lJ+[i]+[l], j3~~~r[2]+[2]+[2].

Let us determine(aC)~,Co 111+ [kl’ it is a term of order (3, 3, 2) which happens

only with 032(a, /3, a — 1) and 033(a,/3~I a — 1) with I at = I (31 = 3, wefind:

0 = (ac)~Co [11+ Iki = 3[x1, xk]C~C —

(~o [2] + [k])!

— (/3~— [2])! [x1, x2]C~(m3o~[2i)+1ki~

This equationis non trivial only for k> 2 andit is:
3[Xl,Xk]CaC = [xl, x

2]C0~,13o..-l2l+ tki (k> 2).

Similarly, we find if k> 1:

0 = (ac)~Co [2J+ 1k] = [x1,x2]Cao_iij+ lkl,Co + [x1, xk]C~_ll]+ 121,Co

— 3[x2, xk]C~C.
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If k = 2 this relation imposes ~ 121,Co = 0 thus:

Lk],Co =
3[xl,xk] Ca C Vk>2.

Let us consider now (aC) . its order is (3, 3, 1), it comesfrom termswith
“o ,Co,I’]

order 0
13(a, ~3)J a = I /3 I = 3~022(a, /3, a I — l) or 023(a, /3, a I — 1) with

at,I/3I =3. Wefind:

o=(aC)aCLj] ~Exu,xl]D1hiCOC +~ CkC

ii ao—l1]+ Lkl,Co

I k

—~ Ck C2i Co121+ Iki,ao
k

The sumsare only on k > 2 and on the open set [x1, x2] * 0 of 6*, Ca0,f3~

satisfies the differential equation:

~ Cf’, [x2,xk]C }+ 3 - Ca0 Co +
k>2 [x2,x1]

+3 ~ C~’, [xl,xk] C00 Co =

k>2 [x1,x2]

or:

3

~ C00 Co} — [x1, x2] {x~,[x1, x2]} Cao Co = 0 Vi (*)

On the open set [x1, x2] * 0, we write C = f([x1, x2])
3 and (*) becomes

a

0 Co

{Xu,f}O Vi.
f is <<rationnalx’ and C — fS

3 is a cocyclewithout term in Dao U D’~°,its

orderis strictly lessthan (3, 3).
First case:dim[6,� ]> 1.

Wecan consider the new basis (e~. . . e,~,)= (e
1 , e3,e2,e4 . . . en).

The precedingargumentgive us:

°o,[3]~[3]+ [3] = ([x1, x3])
3.

On the open set [x
1, x2] * 0, [x1, x3] * 0,

2 a0j31+ [31+ [31 =f[x1,x3]
3.

C
00 ~ =f[x1,x ]3, C

Thuseverywhere:

C00 CO[Xl, x3]
3 = C

00 131+ 131+ 131[x1, x2]
3
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and C 1 ~ =fis anelementA of I.oo,Co [x
1,x2]

Secondcase:dim [6,6] = 1, [6, 6]non central:

For i = 1 (*) gives us:
{x C l—3C =0=x a C —3C

1’ ~ ao,Co 2 2 c~o,#o °o,Co

Thus C00 C = f x~wheref is in N, thusf belongsto I.

Third case:6 =h~elR
mr>0.

In thiscase 1 ~ S3 is a 2-cocycle, in fact the * product of [11] which
[x

1, x2]
allowsus to compute~3 is exactlythe <<moyal product>>on 6* ([14]).

Wedefinethe 2-tensorA on6 * by the relation:

i(A)(x1, x1)~= <~,[xi, x1] > = Au,

thus:

= — A’liI A
1212A’3f3Dl11l~[i

2j+ [‘31U D

11’1~1/21+1/31
3!

The non vanishing A1’ are all ± [x
1,x2] thus 1 ~ 53 is a cochain on N,

[x1, x2]

it is a 2-cocycle since [x1, x2] is invariantthen:

A
f= , AEI Q.E.D.

[x1,x2]
3

PROPOSITION 5. ([6,6] * 0):If(r, s) = (r, 2), then 1 E Supp a
0, 2 ESupp/30

and‘i~(I3~)<-71(a0).

Proof Let us consider the term with order (r, 2, 2) in ac they come from terms

with order:

o 31(a,(3, r — 1), 032(a,(3, r — 1) and

033((3,a,I) with (IaI,I/3I)= (r,2).

Wefind:

— ~ [XI,X.]Ca

( IaI,I#l)(r,2)
I”
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a!
(*) - (D0’>+ll]UD’>+IIIUDC_Da_’>+IIIUDCUD’>+IJ])

I’>ll (a—’V)!

L (ay)> 0

(3!

— D” UDC’>+[i[ UD’>~’~l0.
‘>1=1 ((3—7)!

(C—->)>0 J

Let us suppose 1 ~ Supp a0 and put: ‘~~= [i0] + [~] with ~ /o• We have:

1 ~ Suppa for all a in (*) thus:

o=(aC) =a0—’>j(a0)+ 11],’>i(ao)+ 12i,lio

a0!
=—[x1,x2] (a0—71(a0))! C~CO+

(a0—’y1(a0)+
+ [x1,x1] C~_’>j(ao)+Ijoi,’>j(ao)+I2[ +

(a0—

(a~_y~(a~)+
+ [x1,x1] C~_’>1(00)~1/0],’>1(~)~[2]

(a0—

This proves that C0,~’>1(00)~11]’>1(00)~12] * 0 for i = I0 or Io• Let us suppose

‘V1(a0) < [2] strictly, we find
0 = (aC)~~ [11,111+[21,121+‘>1(00)

(an— [k] + [iD!
+= ~

k~i (a0—y1(a0))!

+ [x1,x2]C~_’>1(00)~[u],’>~(~)+121 +

+
+ [x x )]C00_’>1(00)~11[,[1]~12J.2’ ‘>i(ao

If’y1(a0) = [2], a0= [2] + . . . + [2], let us consider:

o=(aC)ao—12[+Il],[2[+12i,Co [x1,x ]rC +2 a~,f3~

(as—[2] +
+ [x1,x1] ~ao~[2I+ [ioi,[2]+ [21 +

(a~_[2])!

(an— [2] + [10])!

+ [x1,x10]
(a~-_[2])!
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Thenif 1 ~ Suppa0,thereexistsa with I aJ = randC0 111+ 121 * 0 or awith
= randC ,121+ 121 * 0. If C0 121+ 121 * 0, we consider:

a
o=(ac) =

a,12l+ 111,121+ Ill

= 2[x2,x1]C0 121+ 121 + 2[x1, x2]C0 [1]+ 11)•

If C0 111+ (21 * 0, we consider:

0 = (ac)0 111+ 111,121+121 =

(a— [i] + [2])!
= — ~ [x1,x~] ~aIil+ (2),(11+ 11) +

(a—[u])!

+ [x1, x2]C0 111+ 12l~

In eachcase,if I ~ Suppa0,the set:

G = {a s.t. I = r and C0111.,.~ * 0)

is non void, let a1 = SupG. We find:

0=(aC) =
01 l~I(~i)~111,’>i(ai)+ 121,111+ 111

a1!= — [x1, x2]C01 111+ (11

(a1—

which is impossible,I E Suppa0.

Let ussupposenow ‘y1(a0) < [1] strictly, then:

0 = (aC)(00’>1(~,))~[1],’>~(~)+ (21,Co =

a0!

[Xl~X2]Cc(,~C +

(a0—

+ (a0—‘V1(a0) + fo)! [x1, x10] C~~1(~)~1/O1,7I(~)+121 +(a0—

+ (a0—’y1(a0)+i0)! [x1, xJ }C,1~~’>(~)~1’o1,~vl(°o)+ I21~(a0 —

If u0 = I, a0— ‘V1(a0) + [l]is largerthana0 thuswe find

a0!
0=—

(a0—71(a0))! [x1, x2]CG~,C



460 D.ARNAL

which is impossible. Now i
0> 1. If

C00—‘>l(oo)+ [io],’>j(ao)+ 121 =

we put I = ‘0’ if it is not the case,i = i0. Then [i] <‘V1(a0) and:

0 = (aC)ao’>i(ao)+ [1],[i]+ [2J,’>~(a~)+[2] =

—— (a0—-y1(a0)+ [i])!
— [xl,x2]Cao_’>I(ao)+ liI,’>i(ao)+ 121 +

(a0 —

a0!
+ [x1,x ]C

(a0—’V1(a0))! 2 ao,12[+[i]

This provesthat C,~121~~ * 0, [2] + [I] <p0’ 1 ~ Supp~ then 2 E Supp~

= [2] + and~(~) <y1(a0).
Let us supposenow ‘V1(a0) = [1] i.e. a0= [l]+ .. .+ [1]. Then:

0 = (~C)~111,.121 Co = — r[x1, x2]C,~Co +

+ (r— l)[x1,x1 ]C~ 11]+1/1111+12] +

+(r—1)[x x.]C

1’ Jo 0o11]+ [iol,tl]+ 121 +

+ [x x ]C00121~1101+

(13~ [I0])! ~‘ ‘°

+ [x x ]C~121~1~01+

1’ Jo
+ [x x ]C,~111~1101+

(1~o [10])! 2’ ~o

+ [x x ]~‘aoiii+ijoi~

($o [J~I)! 2’ /0

Here some terms can be not present,for instanceif = /o = 1, we haveonly

0 = — (r + 2)[x1, x2]COOCO

which is impossible,if 1 = i0 and 2 </0, we obtain:

0 = — (r + I)[x1, x2]COC

which is also impossible, finally if 2 <i0 <10, we obtain:

0=—r[x1,x2]C , +r[x x.JC +
“o ~0 1’ io o~y~[l]+[Jo],ll]+ 121
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+ r[x
1,x10]C00_111~Iioi,lll+ [2]

Now if C0 111+111,111+ [21~ 0~we see since $3O< [1] + [1], [2] + [i] and [2] + [2]:

0 = (aC)00 121÷[11,111+[2] = — (r — l)[x1, X2JCc,~iii+ (11,111+ 121

— [x1,x1]C00_111÷121,111+ 12F

And:

0 = (aC)~ [2J+121,111+ 121 =

= — (r— l)[x1,x2]C~...111÷[21,111+[2)

which is impossible. The only remainingcasesare:~ [I] + [2] or ~ [2] +

+ ~ Ourpropositionis proved.

PROPOSITION6. ([6, 6 ] * 0). If 6 * h~~ JR
Tfl and (r, s) = (r, 2), then:

Cao C = [x
1,x2] .f ivhere fEN.

Proof We keepour precedingnotations.

First case:dim [6,6]> 1:
Let us supposefirst ‘y1(a0) < [I] then f3~=[2] + 7~O3o)and ~ < ‘V1(a0).

Weput: [a] = ‘y1(a0), [b] = 7iO3o). Wehave:

0 = (ac)0~101÷Ill,(a1+ 1a],Co =

a0!
[x,x]C +

(a1— [I])! 0 a~,l3o

(as— [a] + [1])!
+ (a0— [a])! [x1, xb]C~101+ (a) +

(an— [a] + [b])!
+ (a0— [a] + [b] — [1])! [XI,X2]ç_101+ Ibl,Ial+ 1a1

The second term happening only if a = 2 = b. Thusif it is not thecase,ourpro-
position is proved from lemma 1. If a = b = 2, we consider:

0 = (aC)00...121÷(1J,12]+131,121+121 =

a0!
[x ,x ]C

(a0—[l])! 1 3 ao,Co
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(a~— [2] + [3])!
— [x

1, x2]C(0 12]+ 131),Co +
(as—[2]— [1] + [3])!

+ [x1~x2]C~[2]~(3J.
(a~_[1])!

And the conclusionfollows from lemma 1.
Let us supposenow ‘V1(a0) = [1], then /3~=[2] + ‘V~((3~)or [2] + [2] or

[1] + [2]. 1ff30= [2] + ‘y1(/30),wecompute:(wesupposethat’y1(/30)=[b]<[2])

0 = (aC)OO’>I(CO)+‘>j(Co),[li+ (21 = — r[x1, xb]C~~[lI+’>l(CO) [11+ 121 +

+ r[x1, x2]C00 ‘>j(Co)+ ‘>i(Co) + [xb, xl]COOCO.

~(3~— y1((30))!

But now

0 = (ac)~’>l(CO)+[21,111+121 =

= — (r — 1 )[x1, x2]C(0 111+‘>i(Co)),1l1+ 12]

—(r— l)[xl,xb}CO 111+ 12] 111+121 +

+r[xl,x2]C~C+ [x2,x JC
1 ao,Co~

And:

0 = (aC),~121+ 121,111+121 =

= — (r— 1)[x1,x2]C00_111÷[21,(1]+12r

Thus:

C = c —111+ ‘>iCo,llI+ [2J~ao,Co 00

And:

(r + [x x ]C ,Co = r[x1, x2]C0’>(fl )+ ‘>i(Co)
1’ b a~

which proves our proposition in this case.

If ~~0= [2] + [2], we have:

0 = (aC)00 11]+ 131,121+ 121 = —r[x1,x3]C0 C +
+ (r— l)[x1,x2]C00111÷[21,111+131

+ [x1,x2]C~121÷131.
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If/30= [I] + [2], weconsider:

0 = (ac)~111+ 131 Co = r[xi,x3]C~# +

+ (r— 1)[x1,x2]C~111~131

+ [x1,x2]C~11]+ 131 + [x3, xl]COC.

Our proposition is proved if dim [6,6]> 1.
Secondcase:dim[G,6]=l,[x1,x2]=x2:

In this case:

0 = (aC)~0 = ~ [x1, x/]DI’)C~ Co + Cc,~,BOC~1— C~1C~0~

= 2C00 Co + ~ aJx2Do’lC~CO

if[x1,x1]=a,x2 wherea1ER. Q.E.D.

COROLLARY 1. ([6,6 ] * 0). If 6 * h~eJR
tm and C is a 2-cocyclewith:

F(C)= {(a,/3) s.t. C
0~*O},

(a~,J3~)= SupF(C), (I aol,I aol) (r,2)

then there existsa onecochainB such that:

SupF(C— aB)< SupF(C).

Proof With our hypothesis, we saw that 1 E Suppa0, 2 E Supp$30,y1(/30)<

<‘V1(a0) andC~CO= [x1, x2]fwithfEN. Let usconsider:

(a —[1])!
B=fDa0_Ih)+’>l(ao) 0

(a0— [fl +

Then‘V1(a0— [I] + ‘V~(~))= ‘V~(f3~),and

SupF(~B) = (a0,$3~)

(aB)OOCO = f[x1, x2] = C00 Co

THEOREM 3. 1. If dim [6 ,6]=0,then:

ITldjff(N, ~)= (A
2S~)® N.

2. If dim [6,6 ~ l,and 6 *h~e lRtm, then:
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H~f(N,a)~IeH
2(6,N).

3. If 6=h~0 JRtm ,aimd dim [6,6 ] = 1, theim:

H~f~N,~)= In H2(6,N) e~N(6/[6, 6 ])® S~~)

where N(6/[6, 6]) is S(6/[6, 6]) (resp. C”(G/[G,G ])) if N is S(G) (resp.

C”(6))and5÷÷is tile ideal ofS(6)spannedby 6

Proof 1. is provedin propositionI.

2. keeping our notations, by induction on Sup F(C), we can write any 2-
cocycle Cas:

C = AS3 + C
11 + as

whereA Eland C11 hasorder (1,1). Weput

c(X, Y)=C11(x,y) VX, YEG

e EZ
2(6 ,N) and the map:

~p:[C]-*(A,[c]), H~f(N,a)-÷10H2(6,N)

is well defined:

[C] = [C’] implies (A — A’)S3 + (C
11 — C1) = as,

thus since the left hand size has terms with maximal order (3,3) and the right

one (r, 2), the only possibility is:

A=X’ B= Y’ BD”a
I a 1= 1

andif: b(X)=B(x) VXEG

c — c’ = db.

p hasan inversemapping:

i~’ :I0H
2(6,N)-+H~~(N,a)

(A, [c]) -÷ [AS3 + C
11]

whereC11 is definedby:

C11 = ~ COCD” U DC, C11(x, j’) = e(X, Y).
l”I 1C1 1

i~iis obviously well defined.
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3. Let us put z = [x
1, x2], ~= [6,6 ]. We saw that in this case:if C is a 2-

cocycle and SupF(C) = (a0, f3~,) (I aol, I ‘~~I)= (r, 2), thereexistsa 1-cochairi
B such that SupF(C — ..~.~3B)<SupF(C)(! as is a 2-cocyclesincez El and~ as

is regular).Now we canwrite:

B = zB1 + B0 Va sothat a~> I

whereB0 = B0 ~ doesnot dependof thevariablez :B0 EN(6/.~).

Thus by inductionon SupF(C), we find:

A 1
c=—s

3+-—aB +C +aB
z3 z 0 1,1

whereA EL B
0 = ~ B0 D

0, B
0 EN(6 /~),

IaI>1 0 0

C11 = ~ C(CD U DC.
1o1 1C1 1

We defineamapy,:H~~(N,a)-+IeH
2(6,N)n(N(6/!t) S÷~)by:

~o([C])= (A, [e], ~ B
0 e x~)

101> 1

wherec(X,Y)=C11(x,y) VX, YE6.

p is well definedsince[C] = [C’] implies:

A—A’

z
3 S3+(C

11—C~1)+— a(B0—B~)+a(B—B’)=o.

With our preceedingargument,

A=A’, —a(B0—B~)+~ a((B—B’)0D
0)=o.

Z

But ifa
0 = Sup{a/(B0—B~,)0* 0}, we have:

SuPF(_ a(Bo_B~))= (a0—’V1(a0)+ [l],’V1(a0) + [2])

and: — a(B0—B~) =

2 ao—7j(c~)+Ill,’>i(Oo)+ 12]

a!
= 0 (Bø_B~)aEN(6/~1)~

(a0—‘y1(c60))!
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The equality is impossibleif B0 * B~.ThusB0 = B~andif b(X) = (B — B’)(x),
c — c’ = — db.

The inverse of p is of course:

i,I’ :lnH
2(G,N)n(N(6/.~t)®S~÷)-+H~f(N,~J)

defined by:

A
A, [c], ~ B

0 xa .~ + C11 + —

IaI>1 Z 2

\\‘here

= ~ ~~D
0 U DC,

101= ICI= 1

C
11(x,y)=c(X,Y), B0= ~ BQDa.

IaI>1 •
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